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Abstract One of the efficient procedures for the solution of partial differential equations is the method of differential
quadrature. This method has been applied to a large number of cases to circumvent the difficulties of the complex
algorithms of programming for the computer, as well as excessive use of storage due to conditions of complex
geometry and loading. In-plane vibrations of curved beams with inextensibility and extensibility of the arch axis are
analyzed by the differential quadrature method (DQM). Fundamental frequencies are calculated for the member with
various end conditions and opening angles. The results are compared with exact experimental and numerical results
by other methods for cases in which they are available. The DQM gives good accuracy even when only a limited
number of grid points is used, and new results according to diverse variation are also suggested.
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1. Introduction machines and structures.

The earlier investigators into the in-plane vibration

The increasing use of curved beams in buildings, of rings were Hoppe[1] and Love[2]. Love[2] improved
vehicles, ships, and aircraft has results in considerable on Hoppe's theory by allowing for stretching of the
effort being directed toward developing an accurate  ring. Lamb[3] investigated the statics of incomplete
method for analyzing the dynamic behavior of such ring with various boundary conditions and the
structures. Accurate knowledge of the vibration  dynamics of an incomplete free-free ring of small
response of curved beams is of great importance in curvature. Den Hartog[4] used the Rayleigh-Ritz

many engineering applications such as the design of = method for finding the lowest natural frequency of
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circular arcs with simply supported or clamped ends,
and his work was extended by Volterra and Morell[5]
for the vibrations of arches having center lines in the
form of cycloids, catenaries or parabolas. Archer[6]
carried out for a mathematical study of the in-plane
inextensional vibrations of an incomplete circular ring
of small cross section with the basic equations of
motion as given in Love[2] and gave a prescribed
time-dependent displacement at the other end for the
Nelson[7]

Rayleigh-Ritz method in conjunction with Lagrangian

case of clamped ends. applied the
multipliers to the case of a circular ring segment having
simply supported ends. Auciello and De Rosa[8] reviewed
the free vibrations of circular arches and briefly
illustrated a number of other approaches. Ojalvo[9]
obtained the equations governing three-dimensional
linear motions of elastic rings and the results for
generalized loadings and viscous damping making use
of usual classical beam-theory assumptions. Rodgers
and Warner[10] calculated the frequencies of curved
elastic rods with simply supported ends.

A rather efficient alternate procedure for the solution
of partial differential equations is the method of differential
quadrature which was introduced by Bellman and
Casti[11]. This simple direct technique can be applied
to a large number of cases to circumvent the
difficulties of programming complex algorithms for the
computer, as well as excessive use of storage. This
method is used in the present work to analyze the free
in-plane inextensional and extensional vibrations of
curved beams with various boundary conditions and
opening angles. The results are compared with exact
experimental and numerical results by other methods
(Rayleigh-Ritz, Galerkin, FEM, or Holzer-type iterative

procedure and an initial value integration procedure).

2. Theoretical Method

The uniform curved beam considered is shown in

Fig. 1. A point on the centroidal axis is defined by the
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angle ©O, measured from the left support. The

tangential and radial displacements of the arch axis are
v and gy, respectively. Here 4 is the radius of the

centroidal axis.

Fig. 1. Coordinate system for curved beam

2.1 In—plane inextensional vibrations of
curved beams

A mathematical study of the in-plane inextensional
vibrations of a curved beam of small cross section is
carried out starting with the basic equations of motion
as given by Love[2]. Following Love[2], the analysis is
simplified by restricting attention to problems where
there is no extension of the center line.

In fact, in this case there is a simple kinematic(vector)
condition which relates the radial displacement JJ/ and

the tangential displacement |/,

14
W= 20 1)

If rotatory inertia is neglected, the bending moment
related to the change in curvature and moment

equations take the form, respectively,

_EI oW oV

M az( 0 W) 2
oM "

The equations of motion in the radial direction and

in the tangential direction take the form, respectively,
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Where ]\/*7 7, and M are the internal shear force,
normal force, and bending moment, respectively.

If rotatory inertia is neglected, the substitution of
equation (1) into equation (2); (2) into (3), and (4) and
(3) into (5) leads to the following differential equation

governing the in-plane inextensional vibrations, in

terms of the displacement g,

EI[8°V _8*V 8%V 52 9%V
e gttt |=m— | V——f O]
a 06 06 00 ot 06

Assume that the beam is undergoing free vibration with

a frequency w and let
V(6,t) =v(8)e™, W(0,t) =w(h)e™ @)

where i = v/—1, v(0) is the normal function of V
, w(#) is the normal function of W, and which leads

to a separation of equation (6) into

vi v ’” 4 2
v v v ma w
+2m =

% e 6 H

v v) @®)

0_(2]_

in which each prime denotes one differentiation with
respect to the dimensionless distance coordinate R
defined as

R= 5" ©

Here, 7 is the mass per unit length, V is the
displacement in the direction of increasing ©, © o 18
the opening angle, ® is the circular frequency of
vibration of the system, [ is the Young's modulus of
elasticity for the material, and [ is the area moment of
inertia of the cross section.

If the curved beam is clamped at ©=() and

0=0 0° then the boundary conditions take the form as

v=20 (10)

w= —%: 0 an
2

372+ v= (12)

at =0 and 6=4,,, or
0(0) =v'(0) =v"(0) = v(6,) =2/ (6,) =v"(6,) =0 (13)

If the curved beam is simply supported, then the

boundary conditions can be expressed in the following

form as
v=20 (14)
ov
w = 0 0 (15)
8w
+w=0 16
o (16)

at =0 and 0=§,,, or

v(0) =2 (0) =v"(0) = ’U(QU) = (9”) =" (00) =0 (17

2.2 In—plane extensional vibrations of
curved beams

Veletsos et al.[12] used a theory which accurately
considered the extensibility of the arch axis and the
curved beam effect but neglects the effects of rotatory
inertia and shearing deformation. The differential
equations for rotational motion and for translatory
motion in radial, in tangential directions, and the

bending moment of the beam are

ar=2 OSOZV ) ()
%-FN*G_%]%( %/) (19)
83—]g*+ T=ma 8;2 (20)
‘Z—GT—N*: ma 8;;/ @1
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Where A is the area of cross section. The term

ow
(V+ W) in equation (19) for the extensional
vibration instead of 0 in equation (1) for the

inextensional vibration. is related to the slope of the
deflection curve. Using the same procedures used in
the in-plane inextensional vibrations, the differential
equations of the system which considers the
extensibility of the arch axis neglecting the effects of

rotatory inertia and shearing deformation by Flugge's

equations[13] are in terms of the displacements ¢ and

w, respectively,

w//// w// i ﬁ ) i E ) . ma.r1w2
o +293+[1+ é(r)]w-‘reg(r)b ==
(22
Siorv” W ma'e?
-t 5l= 23
r 93 gg EI 23)

where S (= ¢© ) is the length of the arch axis, »
is the radius of gyration of the cross section (=
([/ A)l/ 2), and each prime denotes one differentiation

with respect to the dimensionless distance coordinate J¢.
The boundary conditions for clamped and simply

supported ends are, respectively.

@
2
S
=
Il

g
=
S
=
Il
IS
=
S
N4
Il

v(e[)) = w(GU) = (9“) =0 (24)
v(0) =w(0) =w"(0) =v(f,) =w(8,) =u"(6,) =0 (25)

3. Differential Quadrature Method

The differential quadrature method (DQM) was
introduced by Bellman and Casti[11]. By formulating
the quadrature rule for a derivative as an analogous
extension of quadrature for integrals in their
introductory paper, they proposed the differential
quadrature method as a new technique for the
numerical solution of initial value problems of ordinary
and partial differential equations. It was applied for the

first time to static analysis of structural components by
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Jang et al[l4]. The versatility of the DQM to
engineering analysis in general and to structural
analysis in particular is becoming increasingly evident
by the related publications of recent years. Kang and
Han[15] applied the method to the analysis of a curved
beam using classical and shear deformable beam
theories, and Kang and Kim[16] studied the in-plane
buckling analysis of curved beams using DQM.
Recently, Kang and Kim[17], and Kang and Park[18]
studied the vibration and the buckling analysis of
asymmetric curved beams using DQM, respectively.
From a mathematical point of view, the application of
the differential

quadrature method to a partial

differential equation can be expressed as follows:
N
Lf(x)}, = Y W, f(z;) for i, j=1,1,3,.N  (26)
j=1

where L denotes a differential operator, z; are the
discrete points considered in the domain, i are the row
vectors of the & values, f(z;) are the function values
at these points, W, are the weighting coefficients
attached to these function values, and N denotes the
number of discrete points in the domain. This equation,
thus, can be expressed as the derivatives of a function
at a discrete point in terms of the function values at all
discrete points in the variable domain.

The general form of the function f(z) is taken as
f(X)= X" for k=1.2,3,...N (27)

If the differential operator L represents an g th

derivative, then

z:"[l Wi~ t= (k= 1)(k—2) (k= m)x" ™" !
forj, k=1,2,...,N (28)

This expression represents N sets of N linear
algebraic equations, giving a unique solution for the
weighting coefficients, Wij’ since the coefficient

matrix is a Vandermonde matrix which always has an

inverse.
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4, Numerical Analysis

4.1 In—plane inextensional vibrations of
curved beams
The DQM is applied to the determination of the
in-plane inextensional vibration of the curved beam.
The differential

governing equations and boundary conditions are

quadrature approximations of the

shown.
Applying the differential quadrature method to

equation (8) gives

ZEJUI+ 4ZD/J”,+ ZZB v;

(u 1 ()J 1 ()J 1

_maw( ZZBU_U) (29) where B, D,

ij? g
05 j=1

and F;; are the weighting coefficients for the second-,
fourth-, and sixth-order derivatives, respectively, along
the dimensionless axis.

The boundary conditions for clamped ends, given by
can be in differential

equation (13), expressed

quadrature form as follows:

v,=0 at X=0 (30)

vy=0 at X=1 31

Iy

YA, =0 at X=0+6 (32)

j=1

Iy

EA(V pv;= 0 at X=1-14 (33)

Y Byw;=0 at X=0+25 (34)

Jj=1

N

Y By yv;= 0 at X=0-26 (35)

Jj=1

Similarly, the boundary conditions for simply
supported ends, given by equation (17), can be

expressed in differential quadrature form as follows:

v;=0 at X=0 36)
vy=0at X=1 37

N
Z Ay =
Jj=1

N
0at X=0+6(38) D Ay ;=0 at
j=1

X=1-9¢ (39)

N N

D Cu;=0 at X=0+25 (40) D, Cly 5v;= 0

Jj=1 j=1

at X=1—26 41)
where A i and C ;; are the weighting coefficients

for the first- and third-order derivatives. Here, &
denotes a very small distance measured along the
dimensionless axis from the boundary ends. In their
work on the application of the DQM to the static

analysis of beams and plates, Jang et al.[14] proposed
the so-called GO-technique wherein adjacent to the
boundary points of the differential quadrature grid
points chosen at a small distance. This set of equations
together with the appropriate boundary conditions can
be solved for the in-plane inextensional vibrations of

the curve beam.

4.2 In—plane extensional vibrations of
curved beams
Applying the differential quadrature method to
equations (22) and (23) gives

1,9

Z ¥ J+ ZB +[1+92( ) w,
()J (]J 0

S N ma‘e®
w2 Z T E “2)

93

4 2
ZB 0+ = ZAl]wj]— MY o (43)

0J7

The boundary conditions for clamped ends, given by

equation (24), can be expressed in differential

quadrature form as follows:

v =0 at X=0 (44)
vy=0 at X=1 (45)
w; =0 at X=0 (46)
N
YAy w;=0 at X=0+4 7
j=1

8068



In—Plane Inextensional and Extensional Vibration Analysis of Curved Beams Using DQM

N
ZlA(Av,wwj: 0at X=1-¢ 48)
i=

wy=0 at X=1 (49)
Similarly, the boundary conditions for simply

supported ends, given by equation (25), can be

expressed in differential quadrature form as follows:

v;=0 at X=0 (50)
vy=0 at X=1 (€2))
w; =0 at X=0 (52)
N
EBQJ.U)].: 0 at X=0+¢ (53)
i=1
N
EBW,U].U)J.: 0at X=1-4 (54)
Jj=1
wy=0 at X=1 (55)

This set of equations together with the appropriate
boundary conditions can be solved for the in-plane

extensional vibrations of the curve beam.

5. Numerical Results and

Comparisons

Based on the above derivations, the fundamental
frequency parameter A = w(ma'/ E])l/ % of the in-plane
inextensional and extensional vibrations of the curved
beam is calculated by the DQM and is presented
together with existing exact and numerical solutions by
other methods. All results are computed with thirteen
discrete points along the dimensionless axis, and & is
1x10°°% Figs. 2 and 3 present the results of
convergence studies relative to the number of grid
points N and the parameter J, respectively. Fig. 2
shows that the accuracy of the numerical solution
increases with increasing N and passes through a
maximum. Then, numerical instabilities arise if N
becomes too large. The optimal value for »V is found

to be 11 to 13. Fig. 3 shows the sensitivity of the

numerical solution to the choice of &. The optimal
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value for 6 is found to be 1< 107 ° to 1 10~ °, which

is obtained from trial-and-error calculations. The

solution accuracy decreases due to numerical
instabilities if & becomes too small.
A
15
i 13.774 13.764
14
13.779 13.764
13.604 " e . o 13765
13.392 *
o//
13
12 T ; " " . ; N
9 11 13 15

Fig. 2. Fundamental frequency parameters,
/\:w(ma4/ EID V/ 2, for in-plane inextensional
vibration of curved beams with simply-simply
supported ends including a range of N
0, = 90" and §=1x 10°°

X
15.964
16] =
15
13.779
141 13.787 13.780 13.779 13.778
13.689
131
- 4 ] 6
1x10% 10 10° 10*

Fig. 3. Fundamental frequency parameters,
)\:w(ma4/ EI Y 2, for in-plane inextensional
vibration of curved beams with simply-simply
supported ends including a range of J;

0, = 90" and N=11

of the

in-plane inextensional vibrations of the curved beam is

The fundamental frequency parameter

calculated by the DQM and is presented together with

results from other methods: exact solutions by

Archer[6], the Lagrangian multiplier technique by
Nelson[7], Galerkin, Rayleigh-Ritz, or finite element
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Table 1. Fundamental frequency parameters, A = w(mq 4 /ED 12 for in-plane inextensional vibration of curved

beams with simply supported ends

o, \=o(ma'/ED

0 Nelson[7] Galerkin Rayleigh-Ritz SAP IV DQM

degrees .
finite element

30 141.53 141.53 141.53 141.53
60 33.636 33.727 33.627
90 13.764 13.765 13.764
120 6.928 6.927
150 3.860 3.859
180 2.267 2.268 2267

Table 2, Fundamental frequency parameters, A = o(maq 4 /ED 12 for in-plane inextensional vibration of curved

beams with clamped ends

o . A=ow(ma"/ED "

degre(is Archer[6] Galerkin Rayleigh-Ritz SAP v DQM

(Exact) finite element

30 228.18 222.36 222.36 222.35
60 55.221 53.737
90 23.295 22.624
120 12.225 11.847
150 7.194 6.958
180 4.384 4.539 4.384

methods. The results are summarized in Tables 1 and
2. Auciello and De Rosa[8] determined the natural
frequencies of the beam using the SAP IV or the SAP
90 finite element methods (FEM) using 60 elements.
Table 3 shows that the numerical results by the DQM
are in excellent agreement with those by the SAP 90

finite element.

Table 3. Fundamental frequency parameters,
N=o(ma*/EI) "%, for inplane inextensional
vibrations of curved beams with clamped-simply
supported ends

O A=o(ma*/ED "
degrees SAP 90 finite element DQM
30 178.94
60 42.942 42.942
90 17.871
120 9216 9.210
150 5.299
180 3.258 3.254
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In Table 4, the first four frequency parameter
2= wé’g(ma4/ E])l/ 2 of the in-plane extensional
vibrations of the curved beam is calculated by the
DQM and is presented together with results by
al.[12]

Holzer-type iterative procedure and an initial value

Veletsos et using a combination of a

integration procedure for the comparisons. Tables 5, 6,
and 7 show the fundamental frequency parameter
A :w(ma4/E])1/2 of the
vibrations of the beam using the DQM.

in-plane  extensional

In Figs. 4 ~ 6, the fundamental frequency parameter

A= o(ma 4/ ED 12 of the in-plane inextensional
and extensional vibrations is calculated by the DQM
with both ends simply supported (s-s), clamped (c-c),
(c-s), and

compared with each other in the cases of the

and clamped-simply supported ends

slenderness ratio is 30, 100, and 300, and the opening

angle is 90 degree, respectively.
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Table 4. Fundamental frequency parameters, 2=

beams with simply supported ends

02 4/ 1/2 . . . . .
u-ﬁc.(_ma /ED) , for in-plane inextensional vibration of curved

Veletsos et al.[12] DQM

Sir S 0 n=1 n=1 n=2 n=3 n=4
11.78 18.08 18.08 71.53 89.78 148.6
17.28 25.25 25.25 83.19 113.8 215.1
23.56 33.32 33.32 81.49 153.9 226.0
47.12 90 33.82 33.82 144.9 171.5 3514
117.8 33.94 33.94 151.9 345.6 4144
251.3 33.96 33.96 1522 349.5 652.7
377.0 33.96 33.96 1523 349.8 627.0
7.85 18.26 18.26 39.18 74.73 -
15.71 180 21.37 21.36 66.53 1332 167.5
47.12 22.27 22.27 133.6 205.8 339.9

Table 5. Fundamental frequency parameters,
A= o0(ma*/EI 2, for in-plane extensional

vibrations of curved beams with simply
supported ends
o,
0 S/r
degrees
30 100 300
30 62.231 141.53 141.56
60 26.759 33.612 33.628
90 13.615 13.753 13.764
120 6.8350 6.9196 6.9266
150 3.8069 3.8544 3.8584
180 2.2402 2.2647 2.2668

Table 6. Fundamental frequency parameters,

A=0w(ma 4/E]) 12 for in-plane extensional
vibrations of curved beams with clamped ends

S S/r
degrees 30 100 300

30 93.871 175.75 222.40
60 30.753 53.692 53.743
90 17.625 22.584 22.624

120 11.419 11.817 11.846

150 6.6836 6.9374 6.9571
180 4.2121 4.3706 4.3835

Table 7. Fundamental frequency parameters,

A=o(ma 4/E[) 12 for in-plane extensional
vibrations of curved beams with clamped-
simply supported ends

o S/r
dcgrcgs 30 100 300

30 74.052 166.24 178.86
60 27.633 42.831 42.937
90 16.206 17.834 17.869
120 8.8977 9.1893 9.2082
150 5.1423 5.2870 5.2981
180 3.1662 3.2469 3.2533
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From Tables 3 ~ 7, the frequencies of the member
with clamped ends are much higher than those of the
member  with  simply supported ends and
clamped-simply supported ends, and the frequencies
can be increased by decreasing the opening angle for
the cases of both inextensional and extensional
vibrations. From Figs. 4 ~ 6, the frequency parameters
of the in-plane inextensional vibrations are slightly
higher than those of extensional vibrations, and the
difference is decreased by increasing the slenderness
ratio (= S/r). When the slenderness ratio is greater than
300, the difference of fundamental frequency values is
less than 0.1 percent. The natural frequencies of the
member with clamped ends are more affected by the

slenderness ratio than those with any other boundary

conditions.
A I Inextentional Vibration
Bl E xtentional Vibration
22.624
20
17.871
[16.206
13.764 43 515
15
10
" nd Coudition
5-5 c-C c-S

Fig. 4. Comparisons between fundamental frequency
paraneters, A = o (maq 4/E]) 12 for inextensional
and extensional vibrations of the curved beam
by DQM with S/r = 30 and 6, = 90"
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I Inextensional Vibration
A [ Extensional Vibration
22,624 22584

20 17.871 17.834

13.764 13 753

0 £nd Condition
S-S c-C Cc-S

Fig. 5. Comparisons between fundamental frequency

parameters, A = o (mq !/ EI) /% for
inextensional and extensional vibrations of the
curved beam by DQM with S/r = 100 and

— 0
0, = 90
I Inextensional Vibration
A B Extensional Vibration
22624 22624

20 17.871 17.869

13.764 13764
15
10
0 End Condition

S-S c-C Cc-s

Fig. 6. Comparisons between fundamental frequency

parameters, A = o (maqa 4 /ED 12, for
inextensional and extensional vibrations of the
curved beam by DQM with S/r = 300 and
6, = 90°

6. Conclusions

The differential quadrature method (DQM) was used
to compute the eigenvalues of the equations of motion
governing the free in-plane inextensional and
extensional vibrations of a curved beam with various
boundary conditions and opening angles. The results
are analyzed, compared with exact experimental and

numerical results by other methods (Rayleigh-Ritz,

Galerkin, FEM, or Holzer-type iterative procedure and
an initial value integration procedure), and are also
compared with each other for the cases of both
inextensional and extensional vibrations. The present
method gives the results which agree very well with
other solutions for the cases treated while requiring

only a limited number of grid points.

The present approach gives the followings:

1) The results by the DQM give the good accuracy
compared with the exact experimental and the
numerical solutions by others for the cases in which
they are available.

2) Only thirteen discrete points are used for the
evaluation. It has also been shown that compare to the
finite element method using 60 elements, the DQM
using 13 points was more accurate for the cases of
vibration analysis of the beams.

3) It requires less than 1.0 second to compile the
program with IMSL subroutine using a personal
computer.

4) Diversity of new results according to the
boundary condition and the slenderness ratio is also

suggested.
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