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Barrier Option Pricing with Binomial Trees Applying Generalized
Catalan Numbers
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Abstract Binomial trees are used to price barrier options. Since barrier options are path dependent, option values
of each node are calculated from binomial trees using backward induction. We use generalized Catalan numbers to
determine the number of cases not reaching a barrier. We will generalize Catalan numbers by imposing upper and
lower bounds. Reaching a barrier in binomial trees is determined by the difference between the number of up states
and down states. If we count the cases that the differences between the up states and down states remain in a specific
range, the probability of not reaching a barrier is obtained at a final node of the tree. With probabilities and option
values at the final nodes of the tree, option prices are computable by discounting the expected option value at expiry.
Without calculating option values in the middle nodes of binomial trees, option prices are computable only with final
option values. We can obtain a probability distribution of exercising an option at expiry. Generalized Catalan numbers
are expected to be applicable in many other areas.
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Fig. 1. A Binomial Tree for European Call Option
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Fig. 2. A Binomial Tree for down-and-out Call Option

n A% 4
7 o
% n7jel

el

[(n+1) 02 78 & Qlvk 71de 5=
AA 9% ofe) mA R 9
24 912 7 ks AU (12) 49
Ao 2 e W
_/,:

A2 AgIe Pe

nx
[OR=2" _1)3_}\1

]

()78l ol o] ki)
ofn] e,

rr

2=
T
=0

E: S

—

3.2 FIEtE 9
Bailey9] A9&
olFoxl g
EF LEY 3A
olg A Urtslet
= 7K o3t

C’(m,n)L =1form=0o0rn=0
C(m,n)L =Clm— l,n)L—l— C(m,nfl)L

Table 1. Generalized Catalan Numbers with L=0
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Fig. 4. Probabilities at expiry for down-and-out Call
Option
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