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Abstract A generalized laminated composite beam element is presented for the flexural and buckling
analysis of laminated composite beams with double and single symmetric cross-sections. Based on
shear-deformable beam theory, the present beam model accounts for transverse shear and warping
deformations, as well as all coupling terms caused by material anisotropy. The plane stress and plane
strain assumptions were used along with the cross-sectional stiffness coefficients obtained from the
analytical technique for different cross-sections. Two types of one-dimensional beam elements with seven
degrees-of-freedom per node, including warping deformation, i.e., three-node and four-node elements,
are proposed to predict the flexural behavior of symmetric or anti-symmetric laminated beams. To
alleviate the shear-locking problem, a reduced integration scheme was employed in this study. The
buckling load of laminated composite beams under axial compression was then calculated using the
derived geometric block stiffness. To demonstrate the accuracy and efficiency of the proposed beam
elements, the results based on three-node beam element were compared with those of other researchers
and ABAQUS finite elements. The effects of coupling and shear deformation, support conditions, load
forms, span-to-height ratio, lamination architecture on the flexural response, and buckling load of

composite beams were investigated. The convergence of two different beam elements was also performed.
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Table 1. Mid-span displacements of a simply-supported beam under a concentrated load (cm)

Stackin Park et al.[12] Present
sequenci e, =0 o, =0 e, =0 o, =0 ABAQUS
0]} 3.906 3.989 3.944 4.027 4.068
[15/—15],, 4231 4415 4263 4.448 4.481
[30/ —30],, 5.300 5.946 5.325 5.972 5.995
[45/—45],, 7.258 8.589 7.279 8.613 8.633
[60/ — 601, 9.675 10.864 9.697 10.88 10.90
[75/—75],, 11.291 11.784 11.31 11.81 11.84
[0/90], 5.858 5.951 5.886 6011 6.029

1 7129 AFEdet 48 231 ABAQUS Rt
84 sjAATE v, A ofo BE $A|5)
Ao AFRH EFA = Glass-epoxye]™ olof that A&
EXL F=53.78 GPa, FEy=F;=17.93 GPa, Gj,=
G3=8.96 GPa, Gy;=3.45 GPa, 1,=v3=0.25, v,,=
0.340]c},
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o dAl= 0.1 kN/m9] SREsHET} 0.1 kN9 g
Z315S 1 £olof oigt Aol vz} L/h=203} L/h=
5091 QEHE Wefsigch. B HSRBAX] Ee
50 mm, ¥IE9] Eol= 100 mm, S3A|e} B9 A
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Table 2. Maximum displacement of a cantilever beam (cm)

uniformly distributed load tip load
Stacking /h=20 /h =50 1/h=20 1/h =50
sequence
Present ABAQUS Present ABAQUS Present ABAQUS Present ABAQUS
(0], 0.542 0.549 20.98 21.02 0.720 0.728 11.19 11.20
[15/—15], 0.555 0.560 21.50 21.53 0.738 0.743 11.46 11.47
[30/ —30], 0.589 0.593 22.85 22.87 0.784 0.787 12.18 12.19
[45/ —45], 0.624 0.627 24.21 2422 0.830 0.833 12.91 12.92
[60/ —60], 0.642 0.646 24.91 24.93 0.854 0.858 13.28 13.29
[75/—175], 0.648 0.654 25.13 25.16 0.862 0.867 13.40 13.41
[90/ —90], 0.649 0.656 25.17 2521 0.863 0.870 13.42 13.44
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Table 3. Convergence of two different element solutions of CF doubly symmetric I-beam (cm)

L/h=20 L/h=50
Lay-up Three-node element Four-node element Three-node element Four-node element
n=1 n=2 n=1 n=2 n=1 n=2 n=1 n=2
[0], 0.7204 0.7204 0.7205 0.7205 11.19 11.19 11.19 11.19
[15/—15], 0.7377 0.7377 0.7377 0.7377 11.46 11.46 11.46 11.46
[30/ —30], 0.7835 0.7835 0.7836 0.7835 12.18 12.18 12.19 12.19
[45/ —45], 0.8300 0.8300 0.8300 0.8300 12.91 12.91 12.91 12.91
[60/ —60], 0.8541 0.8541 0.8542 0.8542 13.28 13.28 13.29 13.29
[75/—175], 0.8619 0.8619 0.8620 0.8619 13.40 13.40 13.40 13.40
—90], 0.863 0.863 0.8635 0.863 13.42 13.42 13.42 13.42
[90/ —90] 634 634 6 634 4 4 4 4
he QluH ) fjg)] 38A-Y 489 B 394F AREoHo P09  FEM(L/h=50)
T3 Ht A& Table 30 eIt BE HFwA ES\EA‘T&“_:;D? i
o s 38FI 489 B 940 A= & AX|sh= 700 | - -FOBT(L/=20)
AL YeRY 9low shto] 338 X AR Ho| ¥ I

ﬂlé_ ZF Ecﬂo]— 2= 01_9.9_ O]- _{'\_ C})l]:]—

thRt A5 F e et AHB Y] S FASH
Qste] SEESFT FSolse e gE disy 4
B %379 sl mE 1UA  Ho|ECED
12 Ho]Z(FOBTY i A
v=u,, B/ (g") T v=v,, Eb/(PP’) o7 T2}t
AT FZEtol9 4= Fig. 13} Fig. 200 242k
ehoick

SRS WEHFo| BEIE 2B 49 o
3} gl 2ol B vaAEAd) et 2o 47
of olgef Bt AehEge] o8 4 HRow B
5o 242 ofefet 2eHI3):

Timoshenko

ql’®
2(G4,)
Pl
+
(GAy)oom

ql’
8(EL)
rr
3(EL)

+

(16-2)

com com

(16-b)

UlTlaX

X,
i)

BE AN H 845 AT
+ FOBT dlje} 2 dA|shA|gt Ak
CBT 3ok o 2olE &2
0:17;]]71%3 71—0] ;{1—0} zH = H]%
9lo] ¥ QAE AF83SF AA-L Zwo|ukAo] s)e}
Aot AL & 4= 9ok L/h =509 A% A
EIHe BAS AR o} Yoo L/hu} Ze
L/h=209] A% Ago] Gk tha F7leke A
o= yeht AckAgel 5vkE 1Y 5 g mdo]
Hg]ofof g},

o

=]
Lm9-1>rshrlo:£

or"lO

=
ngﬁzr‘d

5

618

650

e

GO0

550 T T T T T 1
60 75 90

Fig. 1. Variation of tip displacement of CF beam
under uniformly distributed load (L/h=20
and L/h=50)
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Fig. 2. Variation of tip displacement of CF beam
under a tip load (L/h=20 and L/h=50)

2 X=
o] Zo]-&o] H[7} L/h =103} L/h =202 2%
B9] 3 (principal pole)oll ¥Esh50] 2H8sk= 7
S5 Hsllon Aok WA F 9 9E Folet &
A= 2 50 mm, 50 mm 122 2.08 mm<l o]&)

A



ol 9 4= tiydd FZES Bl y I
Table 4. Buckling loads of a cantilever I-beam (kN)
L/h=10 L/h=20
Stacking Present ) ) Present
sequence . =0 7. =0 ABAQUS Vo & Leel8] Kim & Choil9] . =0 7. =0 ABAQUS
(0], 23.666 22786 22.634 5.7415 5.7375 5.8626 5.7408 57329
[15/—15] 21.529 20.635 20.536 5.1890 5.1877 5.4156 5.1898 5.1852
[30/—30],, 17.241 15.372 15349 3.8545 3.8560 43265 3.8568 3.8573
[45/—45],, 12,613 10.658 10.660 2.6684 2.6706 3.1610 2.6710 2.6726
[60/ — 60], 9.4667 8.4369 8.4299 21113 2.1132 23713 2.1136 2.1137
[75/—75],, 8.1122 7.7727 7.7529 1.9451 1.9466 2.0321 1.9472 1.9460
[0/90],. 15.580 15.257 15.256 3.8298 3.8498 3.9132 3.8318 3.8472
A 1 DS AA8otgint. 2R} EE 16502 7+
U, Magnitude
9 A= BF dAch 5UT A5 454

7= ALR 7Hgstdrt.

Z2Zko] Zol-xo] Hlo] s =FHHOl A
(e, =0)1 HHSE (o, =0) P& A5t
Z3152 Table 491 eIt L/h =201 4 Vo
9} Lee[8], Kim®}t Choil9]7F 31 F=Zohg 1= 3
038 7Ho] o3t F=sE2 ABAQUS i Axte}
Z Aoy, HHHPER 7S FFote2 f3tash

Zojok 4P Aol HeiFw glov] P-uEY IA
24 Dol 4hEoz 2 45/ —45], AZBeololA

IS 183%9] AJolE HojFal Qlrt

L/h=109] 7% [45/—45], BFEetoloAe] =
=@/4E Fig. 3914 HAF1 glon Sf&eo] 57
of Z-gsto] Yo 93t FH=ATS & UeaL Qlch &
£ AAES FAIRE QEEO] Aol 27l s
298 HFEQ P=r’Ey/AL Itk QABA By
< FAR yFo Higt @ H2Fols2 P,=10.69 kNOE
AP 2 Ao] siM AT tha =A UERTh

E3L oz AFH (0], A9 FHZsHE] 7t
A 3A vepton [0/ 0], Y207t INEE
FZolgo] Ahsks A B

8.362e-02
+0.000e+00

Fig. 3. Buckling Mode Shape for a Cantilever Beam,
[45/-454s

iR Al WA TE B H2ATS AR
7] 9J8f 19| Zol-%&o| 8] L/h=103} L/h=20%] L
BO| 0] AdFdtEo| 2ot BE 1okt
o] E:MA] b YE=o7F 75 mmet 71.5 mmo]
o Fe 42 7 mmet 5 mmo|th. 3¢t gEE
16709] Eefol2 A= FEHo| dsf A H3=
AeF, ARAET0], JFET0lE ARSI ol
HEeAol diol BHHPEL BH-SEoR 7Pge F
3153 ABAQUS #3284 A ATE Table 50 &
oFsti Tt

Table 5. Critical buckling loads of a cantilever T-beam (kN)

L/h=10 L/h=20
i;il;;tge Present ABAQUS Present ABAQUS
e, =0 o, =0 e, =0 o, =0
(0], 58.589 57382 57318 14.796 14.489 14501
[15/—15],, 54.285 52,028 51.991 13.681 13.110 13.116
[30/—30,, 43520 38.781 38.840 10.936 9.7468 97566
[45/—45],, 31.822 26.282 26320 7.9888 6.8109 6.7597
[60/ — 60, 24.055 21375 21.320 6.0037 5.3484 5.3462
(75/—75],, 20.526 19.682 19.607 5.1408 4.9268 4.9220
[0/90],, 39,566 38.943 38.603 9.9086 97023 97328
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