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Abstract In general, the stability and response characteristics of the system can be improved by changing
the pole position because a nonlinear system can be linearized by the product of a 1st and 2nd order
system. Therefore, a controller that moves the pole can be designed in various ways. Among the other
methods, LQ control ensures the stability of the system. On the other hand, it is difficult to specify the
location of the pole arbitrarily because the desired response characteristic is obtained by selecting the
weighting matrix by trial and error. This paper evaluated a method of selecting a weighting matrix of
LQ control that moves multiple double poles with Jordan blocks to real poles. The relational equation
between the double poles and weighting matrices were derived from the characteristic equation of the
Hamiltonian system with a diagonal control weighting matrix and a state weighting matrix represented

by two variables (p;, ¢,). The Moving-Range was obtained under the condition that the state-weighting

matrix becomes a positive semi-definite matrix. This paper proposes a method of selecting poles in this
range and calculating the weighting matrices by the relational equation. Numerical examples are

presented to show the usefulness of the proposed method.
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>

3. 3¢

4

Al
A

3.1 ST 7SR A
Eq. (18)9] Aloj7H&-d=E 0l

AL 7, > 00]TH11].

%Fe] 4R

g FEol =

R:diag(’/'ilﬂ";;f" 7"(7,”1 1)(m—1)> T:mln) (18)
11 Eq. (19)9] BE Aol7Kssl7] o] 09
FH(row matrix)S 7Fd %= itk & B iMA Yo
mo
A D= Vil
j=1
1311 1312 ljl(mfl) Izlm
_ b21 b22 b2(m 1) b2m
B = ~ : ~ : B : B : (19
b1 m-12"" ba-1)m-1) O -1)m
bnl n2 bn(m*l) bnm
a3V, 5 B
V,=BR'B”
'Un 'Ulz Vim-1) Vin
B 'U.21 'U.zz 'U2(7} 1) U:Zn (20)
Vin-11Y%0-12 """ Yha-1)0m-1) Y(n-1)n
Vo1 U2 Unln—1) Uonn



LQ Aoz 2TE

20| 9 28 AZ0oZ o|BA|E /=Y Z2A Y

3™k v, =v;EA Ve qg@deld. agn

ry; > 03} Z|g]1 ol
i=1
’E(n—l)(n—l) >0, ’Bnn >0 (21)
o, E3F
17(71,—1)(71—1)177171_ 1;(271 1)n = =0 (22)
oltt. B9l (n—l)wﬂﬂ} n¥7 o] M@BEo| AL

0174

Rl

ERE

ZIH-EE_Q—

= Eq. (22)= 00] dch

255 2= Y S SOl A, 3 Aol H
g FEO ) oleAE AHrEdEdt olsd HF
T2 Eq. @3 7, my(ry #= Ay, 1y # A )0 R 2
743,

l.,

|

0 0 0 0
Qu = 0 0 0 0 (23)
0 0 ¢o-1)m-1) Q—1)n
0 0 duu-n) G
I3H Zry, )0l SHDEYRF AA”(Eq. (13)9 &
A Ale si7F H89 Bq. 24)5 558
s=A =1 V) Ve
0 s=X 5,,,@,,—1) &(n—l)n
U0 d-a STA 0 249
&71(71—1) &nn 1 st
= (9 +r1)(s —rl)(s +r2)(s —rz)

Eq. (25)°]9 o] 4]
olo} gk,

;I(n—l)n

a9 Q0 84S
#alo] QLT R (26)01‘11 G Wé LWL
LA 4o] Hr.

_ "2
=9 m-1)n

Y & Qi B o]

= qn(n*l)

q(n—1)(n— l)qnn (26)
A$2AA Eq. (25)¢F Eq. 260 WHE3h= @djg]

845 Eq. 27)2 AAshd m|x|5et g 49] 7ot
ol
&(n—l)(n—l) = Pa
&(w,fl)n = &n(n—l) =py9q 27)
ZJmL = Pdﬁbg

637

1= o] AYAAYHA
H(p,. 60 T,

h’d44

h’d41 + h/i42 ¢/i + h’d43¢d
h’do4

h 51 +hd52¢d+hd53¢?l
o] 7] A by = v

oA S 7HSE ] ¥

pdnum4

Pa=
p en
ddend 28)

_ Pdnums

Pddens

(n—1)(n—1)» h‘/i42 2U (n—1)

n>

hz =v

hdSl

hgas :r%+r2—2)\2,

nn?

N kI,

:/\fl;)(n,l)(n 1) 2)\d1)

:2(/\d1)(n r

wm

* tho“z —4h g6 haes
2h 463

AZNA hger = hasahas —

(n—1)n

27
hd52 Adv nn )vhd53 - /\dv nn

g5y = 7"1’"2

7hd62

a (29)

hd54 hd41’
hd54hd42’ hd63 = hd44hd53 - hd54hd43
f\’—_]_—“\lj. hd(ng /\ i X(jij’]‘a}-%

hagy = — V(A3 — D (NG —13) (30)
oF N, #= 1, Ay =1y A Q8 hyg #~ 00]Th

h 62 =h d44hdu2

oltt.

oaTl
1T Ay, 1) 1y =0, 7, < 00]EA @7}
o FHRTYLe] HEs Q0 WHA gt W2

(pivot)& 0 ool EHASoF gtttk Eq. (27)°l 23f
| Q| =001 Bk, 22T T3l g,y )7} 00T
@d-ﬂ' 0 &FE(zero matrix)°| =7| W&o p, > 0cfoF
gtk 194 Eq. QDT AkE-7|5F Bt RS54 02 R E
Eq. 28)9] REE Pggens Z 0, Pagens = 0°1H,
h e
Pamina =~ 2h gz’ th;;
oA Er7F 0082 a4zt HANE o]AZ Eq. 29 F
FAZIA FBER pygens > 0, Pugens > 0°1 HH. A2
pe >0 2 AL Eq. 32)°Ith.
Panuma = 05 Panums > 0 (32)
o] A HIF O R r T 1y E FO= Sh= FHEFH

h d42

¢dmz' ns5

G

o ®AJSt Zo| Fig. 20|t} Fig. 29 (@)= r, < 0%}
Ty = OCI)_]. oc:}gju (b)‘:f‘ Pdnuma >Oc‘>_]_ oég-lﬂ, (C)“E‘

pdnum5 > 0 “ly (d)’E‘ 37H9] %‘%‘?—E‘E %j\__'gl O]



A1 & 88l =7 A A2148 A6S, 2020

=¥ (Moving-Range)°]tt}.

(a) range (b) range

@r;, =0, r, =0

(d) range

Moving-Range

(d 329 olzHd

© pdn,mn5 >0
Fig. 2. Moving-Range of a double poles

4. Mg WHo| Mg of
A PEE A 85| ) TR SRl 47
9 F- 12 7 B P A28 thgat 2ol 7
i,
-1 -1-2 -1 1
0—-1-2 0 ]2
4 0o 0-1-1]" %71 G3)
0 0 0-1 3
o] 249 FEL oIS WO 2¥ g

ot HA @ Yolet R ) =202 A3} 1
23 1 2AG =1)olA S0l dHAFEY A7 A7t
HE2 dagds A4, (=4)2 4,2 H#ag
-1 1 0 0
Ay = 8 75 _} (1) (34)
0 0 0-1
Fig. 32 ol5& F AL r\ 3 1,8 FO0E 3 HE

HHo| I9 29 ozt o] HLlolA
Ti1= T2, 75, = 3

=

35)
£ Hske 2o& Addsto] Aof tidshd ¢, T p g
chest o] 2714 et

638

Gg = 09741, ¢, , = 2.6092 (36)

P = 47357, py o= 0.3754 (37)

Fig. 3. Select a closed-loop poles in the Moving-Range

SRAE

8 MATLABO] LQR B2 ol83hd 3 ¥ Ao}
M3 Kol thewt o] T

K, =[00 00 —0.6667 1.2222] (38)
2 A =2)0H%E A,(=A—BK,)E H4FE

-3 0 0 0

~ | 0—-2 0 0
Adj,? - 0 0 —1 1 (39)

0 0 0-1

2 HEslal, 9] o]l RolN <=

To1= =4, 159= =5 (40)

OF W ¢, ppp Ky T} Zo] Aptdr
G = 06285, ¢4, = 1.3215 41
(42)
Ky =[—4.0 13.6667 —10.7778 —1.8519] (43)
Jefele] HFHOR Tl AoTRHS 7} wAo)A
T Aoy o EA

K=K, +K,
=[—4.0 13.6667 —11.4444 —0.6296

o] Aol H KE Eq. 399 A2gol B3 Fig.
A7 FEL AR Ao ot
eig(A—BK)= —2, -3, —4, —5

sy = 9548437, p oy = 21.8230

] (44)

(45)



1Q Aoz 2uE

0] o]l_ _6_—]___ /UJ.__E O]-‘;—/\]7]L 7]-50)}% 73;5‘3] Hc}‘ﬂ

Fig. 4. Move system poles to closed-loop poles

5. Z&
2 =72 Y SIS AL0E olsAE 7IE
AdES A5 flsto] 374 ol ths S
9] ol s %’J@H ZHollA Aol AlRtetyltt.
£ s 329 ol 7sE Y] A
TAlE LEYSQE AlAH B oasE p o
¢y o2 fratl, Fpol| 1M Fo] o] 5T A
ol5Hfle Ae7teR ol ¢ EHRTHHl &
ZZ0l|l4 fofzict. o] MLloA] L& AEstar Ao of
Yote] 715 ES AL olE BHEIO XM HE F
& doks 208 oAl LQAIY TSR ES
Tole WS AASHAT.

S %%g- e 09 B2 29 olsHel U=
ol5A7IE 7HEFE T} AofHAE Fok= I
Zﬂ% B3l 3 8] S ol FAIR] 71E =19 T
Az Aokt vryel A8 7S ERlshit

0 S0 BAT0R olEshe W] tisiil o

p
M
Lo
r&"

1o

FLJ

E=RoA 2] £t o] EAE &5 At €99%
72 2t}
References

[1] B. D. O. Anderson, J. B. Moore, Optimal Control,
Prentice-Hall, 1989. pp.7-138

(2] J. B. Burl, Linear Optimal Control: H, and H,
Methods, Addison Wesley Longman, 1999, pp.179-230

[3] O. A. Solheim, "Design of optimal control systems
with prescribed eigenvalues," /nt. /. Control, vol. 15,
no. 1, pp. 143-160, 1972.

DOI: https://doi.org/10.1080/00207177208932136

[4] Y. Ochi, K. Kanai, "Pole Placement in Optimal
Regulator by Continuous Pole-Shifting," Journal of
Guidance, Control, and Dynamics, Vol. 18, No.6, pp.

639

1253~1258, 1995.
DOL: https://doi.org/10.2514/3.21538

[5] T. Fujinaka and S. Omatu, "Pole placement using
optimal regulators,” 7./EE japan, vol. 121-C, no. 1, pp.
240-245, 2001.

[6] M. Park, SK. Hong, S.H. Lee, "Design of an LQR
Controller Considering Pole’s Moving-Range", Journal
of Control, Automation and System Engineering Vol
11, No. 10, pp. 864-869, 2005.

DOL: https://doi.org/10.5302/].ICROS.2005.11.10.864

[71 M. Park, M.S. Park, D. Park, S.K. Hong, S.H. Lee, "LQR
Controller Design with Pole-Placement," Journal of
Control, Automation and System Engineering Vol 13,
No 6, pp. 574-580, 2007.

DOL: https://doi.org/10.5302/]ICROS.2007.13.6.574

[8] M. Park , "Pole Placement by an LQ Controller,"
Journal of Control, Automation and System
Engineering Vol 15, No 3, pp. 249-254, 2000.

DOL: https://doi.org/10.5302/].ICROS.2009.15.3.249

[9] M. Park , "Pole Placement Method to Move a Eual
Poles with Jordan Block to Two Real Poles Using LQ
Control and Pole’s Moving-Range," Journal of the
KAIS Vol 19, No 2, pp. 608-616, 2018.

DOI: https://doi.org/10.5762/KAIS.2018.19.2.608

[10] M. Park , "Pole Placement Method of a Double Poles
Using LQ Control and Pole’s Moving-Range," Journal
of the KAIS Vol 21, No 1, pp. 20-27, 2020.
DOL: https://doi.org/10.5762/KAIS.2020.21.1.20

[11] G. Strang, Linear Algebra and its applications, 3rd Ed.,
Harcourt Brace & Company, 1988, pp.330-337

[12] C. Chen, Linear System Theory and Deign, Holt-Saunders
International Editions, 1984, pp.168-227

gt 01 $(Minho Park) [BAsd

—_—

- 19934 29 : opErjaki ety
Aol AZgst} (Fet4AP

+ 19934¢ 3¥ ~ 19984 6¥ :
gtk

+ 20074 8€ : ofFuigty thshed

| ARREs) (ZEp

- 200849 32 ~ AR : dEPE

A A7 ARt Bgss

(FAED
Z]Z A o], Robust Control, 38453}



