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Collaborative Vendor Managed Inventory Models for Managing
2-Echelon Supply Chains with the Consideration of Shortage in
Demand

Hyun Joon Shin!’ and Beumjun Ahn'
ARF-5E IHY 294 T5 $= AT F9 vmr 2L

=y = 1* 1
AEE, OHE

Abstract One of the most important issues of managing a supply chain is to determine the inventory level
whenever shortage is permitted and vendor is responsible for management of the both buyer and supplier’s
inventory. We present two vendor managed inventory models in the form of two-echelon supply chain models
for: 1) one buyer-one supplier problem, and 2) two buyers- one supplier problem. We assume that shortage is
permitted. The proposed methods of this paper provides a simple condition, which makes it easy to decide
when and how vendor managed inventory model costs less than traditional one. The paper is supported with
some numerical examples to show the implementation of the proposed methods.
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1. Introduction volatile market [8, 9]. As a result, many consumer goods

manufacturers and retailers have looked to collaborative

During the past decade, there have been some partnerships as an avenue to supply chain optimization.
evidences indicating that Vendor Managed Inventory VMI is believed to be one of the most successful types
(VMD) could improve the performance of supply chain by of these collaborative partnerships. Using the idea of
decreasing inventory levels and increasing fill rates [4]. VMLI, retailers can shift the responsibility for planning and

Retailers and manufacturers have recognized that their  replenishment activities to the manufacturers.
profitability and revenue growth is directly linked to VMI presents major benefits for manufacturers as well

supply chain efficiency due to a highly competitive and since they can respond more quickly to unexpected

This work was supported by the Korea Research changes in consumer demand, increase customer service
Foundation Grant funded by the Korean Government levels and product turns,decrease stock-outs and returns
(MOEHRD, Basic Research Promotion Fund)
(KRF-2005-003- D00456).
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and gain "preferred vendor"status with key retailers. VMI

customer based on demand information sent by the
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customer. Based on the procedure of VMI, the supplier is
guided by mutually agreed to objectives for inventory
levels, fill rates and transaction costs. VMI is only one
term  for inventory management systems where the
supplier manages the day-to-day inventory activity. The
process is also known as Supplier ManagedInventory,
Consignment Inventory, Consignment Stores, Breadman
and VMI. VMI can provide big business benefits,
including: Increased sales (100% or more in certain
categories), a 50% reduction in lead-time, 20% -70%
reduction in inventory, and in-stock improvements of 1%
- 2%. But there are benefits beyond the tangible as well:
successful VMI implementations have helped suppliers get
closer to their key trading partners. And you can’t put a
value on that. The VMI module enables suppliers to
utilize information provided by the customer to monitor
and replenish inventory levels at customer facilities. VMI
provides complete functionality to support all aspects of
supplier managed inventory programs for both managed
and/or consigned inventory scenarios. VMI is not only a
perfect method for managing and optimizing inventory at
stores but also it combines sophisticated replenishment
techniques, superior inventory transaction management,
flexible billing options, with excellent business
intelligence and host integration to provide a complete
solution to satisfy even the most demanding customer
compliance needs.VMI is an operating model in which the
supplier takes responsibility for the inventory of its
customer [10]. In a VMI-partnership the supplier makes
the

maininventory the

replenishment decisions for
customer. The supplier, which may be a manufacturer,
reseller or a distributor, monitors the buyer’s inventory
levels and makes supply decisions regarding order
quantities, shipping and timing.

Fry et. al. [5] consider the (z, Z)-type VMI contract in
a one supplier, one retailer supply chain: The retailer sets
a minimum inventory level z and a maximum inventory
level Z, and the supplier is agreed to pay a penalty to the
retailer for every unit of retailer’s inventory that is outside

this band after customer demand. Both parties know the
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retailer’s demand distribution. The supplier produces
every T periods with no capacity limit. It also has the
option of outsourcing in order to maintaiwn the desired
retailer’s inventory level. The supplier’s decisions are thus
how much to produce in each production cycle, how
much to outsource and how much to send to the retailer
in each period. With the outsourcing option (so that the
supplier can always supply what is needed at the retailer),
the retailer’s problem becomes a single-location inventory
problem, whose backorder costs influence the supplier’s
costs. Recall that model treats a two-location inventory
problem. In their paper, there is also no capacity issue. As
indicated by these authors, in all of the VMI agreements
they observed in practice, "the penalties are not incurred
immediately (i.e., on a daily basis), but are based on
long-term (approximately yearly) performance, often as
part of "balanced scorecard" evaluation".

(2]

coordination in a one-supplier, multi-retailer competitive

Cachon studies how to achieve channel
supply chain using VML Both the supplier and the
retailers incur inventory and backorder costs. Cachon
shows that VMI is not guaranteed to coordinate the chain
unless all members are willing to accept or pay fixed
transfer payments. A numerical study shows that VMI
provides no improvement in supply chain costs when
fixed transfer payments are forbidden. Narayanan and
Raman [7] examine a retailer and a supplier under a
newsvendor setting. The retailer carries a private label
product that is a substitute to the product he carries from
the supplier. Thus, the cost associated with a stockout is
different for the supplier and the retailer, and
consequently their target fill rates are different. They
derive conditions under which stocking decisions should
be transferred from retailer to supplier (VMI). Clark and
Hammond [6] and Cachon and Fisher [3] study the issue
of whether VMI coupled with information sharing
provides greater benefits than information sharing alone.
[1] the

constant-demand-rate case and consider a model of VML

Bernstein  and  Federgruen analyze

where the replenishment. decision is transferred to the
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supplier, but the retailer is able to make his own pricing
decisions. Other papers on VMI study logistics issues; Fry
et. al. [5] provide an excellent review. Our study here has
a different focus from these works. In this paper we first
study a special case of VMI where a supplier provides
goods for onebuyer when shortage is allowed. Yao et. al.
[11] study a simpler model where there are one buyer and
one supplier without considering any shortage in demand.
We then study a case of two buyers- one supplier while
shortage is allowed. For each problem, we first present
the necessary notations and assumptions, and the problem
formulation along with some numerical examples is given
in the next section. Finally, conclusion remarks are given
at the end of the paper to summarize the contribution of

the paper.

General assumptions

The following assumptions hold in throughout this

paper:

® Demand is constant.

s The order is delivered at once.

® Transportation time is negligible.

® Shortage is allowable.

= The Setup, holding and shortage costs in VMI model
are paid by supplier.

® The cost of each good is constant.

2, One buyer — one supplier problem

We use the following notations for this problem:

w Ky, Kj: the costs of inventory of supply chain
which includes the costs of supplier and buyer in
traditional and VMI models, respectively.

. K;,Kl*z the optimal values for Ko, Kl.

a KSi,KS; : the cost of inventory for the supplier in
traditional and VMI models

s KBy KB, : the cost of inventory for the buyer in
traditional and VMI models.

] Q: the size of each order.
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n Q(;,Q; : The optimal value for O in traditional and
VMI models.

& B : the amount of shortage in each period.

L B(;,B; : the optimal value for B in traditional and
VMI models.
® ) the cost of each unit of shortage.
m Ag: the cost of each order for the supplier.
® 4 : the cost of each order for the buyer.
® R : demand for buyer in each period.
® H : the cost of inventory for each unit of product
in the stock in each period.
In a traditional inventory model with shortage, the cost
of inventory is as follows,

K, =KS,+ KB,
Ag*R
Q
A*R H,(Q-B) bB®

Q0 2 Q 20

In a traditional system we have,

Q*__{ZRA{H+b
YV H b
and
B*_HQ_IZRA,H
T H-b b VH-b @)

Using (1) and (2), the optimal value of Ky is

0y

Where KS 0 and

KB,

calculated as follows,
K- R(24+ 45 )VHp
* J2RA(H +b) 3)

The total cost of inventory with shortage in VMI

model is calculated as follows,
where
Ag*R A*R  H _(0-B)
—S—t—t =
o 0 2 0

In order to find the optimal value of K|, we need to

bB?

K= 20 &

take the derivative of K1 respect to Q and B , Le.

9K, _ oK, _
20 and 3p ~ , which yields the following
results,
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o =‘/2R(AS+A)\[H+b
! H b ©)

5o HO _ 2R(AS+A)\/ H
"“"H-b b H-b

and

Using (4) and (5), the optimal value of K, is

calculated as follows,
K- 2R(4g + AN Hb
' J2R(4y + AXH +b) ®)

In order to prefer VMI to traditional model we must

have,
Ki: K ™
2R(Ag + ANHb L RQA+ 44 WHb
J2R(4g + ANH +b) ~  \2RA(H +b)
245+4) 4+ 45)°

,}(AS + A) - \[Z and this can be

transformed into,

445+ A)< Q4+ 45)
A
Ag, A>0 Which yields, X2 >0, where
AS —
4 ®)

Relation (8) shows that VMI always costs less than

traditional method. It is an important result.

® Numerical example

Consider the following data,
A=10, Ag=100, R =100, H =5, b=2
The optimal values of Ko and K1 are calculated as

*
Ky = 32076 and K; = 177.295. As we can observe in

_ - A
this example, K : K . Now suppose the ratio of 48

changed to 20. Therefore, the optimal values of Kgand
* *
K are Ky = 58766 and K| = 244.78, respectively. In

. ) ) * *
this situation, we can also see, K1 : KO therefore the

VMI model is always better than the traditional model.
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3. Two buyers — one supplier problem

Two different models are studied in this section.
Following notations are used for all three models:

m K, K|: the costs of inventory of supply chain

which includes the costs of supplier and buyers in

traditional and VMI models, respectively.

u K;,K;: The optimal value for Ky, K.

» 0,0, The size of orders for buyers 1 and 2 in
traditional model.

= Ql* ,Q; : The optimal values of 01,0, in

traditional model.

» B;,B,: The amount of shortage in each period for
buyer 1 and 2 in traditional model.

® B : the amount of shortage in each period for
supplier in VMI model.

. BI*,B;: The optimal vale for BB, in
traditional model.

] B* : The optimal value for B in VMI model (We
assume that Bl = Bz =B in vMI model).

m b the cost of each unit of shortage for supplier in
VMI model.

bl,bz  The cost of each unit of shortage for buyer

1 and 2 in traditional model.

» Ag: the cost of each order for the supplier.

Ay, Ay © The cost of each order for buyer 1 and 2.

Ry,R; : Demand for buyer 1 and 2 in each period.

H laH 2+ The cost of inventory for each unit of
product in the stock in each period for buyer 1 and
2.

T : the duration of each period in VMI model.

L] T* : The optimal value for T in VMI model

We assume that there is a total shortage (B) in VMI

model so that b >= max(b;,b,).

3.1 Model 1

In this model shortage is permitted only in traditional

model and no shortage is allowed in VMI model. In a
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traditional inventory model, for the twodiscussed models,

the cost of inventory for buyer 1 and 2 is calculated as

follows,
Ky = AsRy + 4R, + AR + 4R, ¥
) 0, O )
@ -BYH, N b B} " (0} —Bz)sz " b,B}
20, 20, 20, 20, O
In a traditional system we have,
o 2R 4 |(H,+b,)
2INTH T b
* 2R; 4, H;
B = W e)
v V(H +5) . (10)
Using (9) and (10), the optimal value of KO is
calculated as follows,
B (24, + Ag JH B, . Ry (24, + 45 \[H b,
C 2RA(H k) \2R,4,(H, +by)
22: (24, + 45 \JH b,
' 2R A(H, +b,) an

The total cost of inventory without shortage in VMI
model is calculated as follows,

(41 - 4~ 4)

K = +— RITHI +— R2TH2,

y (12)
Problem (12) is a pseudo-convex function. In order to

find the optimal value of K, we need to take the

K, _
derivative of K respect to T, ie. oT . which
yields the following result,
2_24- 4 As)
(R\H, - Rsz) (13)

Using (12) and (13), the optimal value of K| is

calculated as follows,

K| =\2(4 + Ay + AR H, + RyH,),

(14
In order to prefer VMI to traditional model we must

have,
K| Ky,
V24 + 4y + A )R H, + RyH,) <

Ry (24, + A5 ) H by R2(2A2 + A5} H,b,
V2R A (H, +b) V2R, 4, (H, +b,)

as
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Using a simple modification in (15) yields the

following quadratic function,
(R\\JH1b,G + Ry \[H b, F ) A3
+4[R\R, (4, + 4,)\Hb,GH ;,b,F
- REH}AG- RIH} A,F)Aq
+ (2R A \[H\b,G + 2R, 4, [H b, F )?
—2(A + 4, (R H, + R,H,)FG >0,
Where,
F=2R4(H, - b)
G =2R,4,(H, +b,)
So we have:
a.As2 - fA-y>0
Where,
a = (R\JHIHG + Ry JH b, F )’
B=4[RR,(4 + A,)yH,bGH,b,F
- RPHIAG- RyHZA,F]
¥ = QR A4JHbG +2R, 4y \J[H,b,F Y
-2(4, - A)RH,- RH,)FG
The resulted quadratic function has two real roots:

_-B+Ja _-B-A

x -
2 2 20

(16)

and with
A= ﬁ'z —4ay . This could help us determine when VMI

costs less than the traditional method. When

X, < A; < Xjis hold, the traditional model costs less

than VMI (K - K| <0). However, whenever ( 4, > X|

or 4,<X,) and A4;>0 yMI would be less costly
than the traditional model (Ko - K >0). We now

demonstrate the implementation of the proposed method.

= Numerical example

Consider the following data,

Ay =10, 4,=8, Ry=100, Ry=200, H,=5, H,=3,
b=6, by=4

Provided that X[=14.21, X5 =-17.998 and A;= 10
using (11) and (14), the optimal values of Kgand Kjare
calculated as K(;= 231.14 and K1*= 248.19. As we can

* *
observe in this example, Kl ZKO, therefore the
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traditional model works better than VML Now let’s
suppose A is changed to 20. In this case, as the same
manner as the above, using (11) and (14), we can get the

*
optimal values of K¢ and K as following; Ky = 314.36

* * *
and K| = 289.14, respectively. We can see, K| @ K,
therefore, the VMI model costs than the traditional model.

3.2 Model! 2

In this model, the shortage is permitted in both the
traditional model and the VMI model and in VMI model
supplier has two shortages for buyer 1 and buyer 2 which
are Bl and B2, respectively. The total costof inventory
with shortage in VMI model is calculated as follows,
A4+ A, +4;  (RT-B) H, +hB} .

T 2RT
(R,T-B, ) H,+b,B,"
2R,T , (16)

Problem (16) is a pseudo-convex function. In order to

K

find the optimal value of K|, we need to take the

derivative of K respect to T, B, and B, ie.

aKl = 0 % = %_l_ =
T, 9B and 9B, , which yields the
following results,
B = HRT B = H,R,T
H +b . H, +b, a7

At +Ag)(H, + b )(H, +b,)
RH\b(H, +b))+R,H,b,(H,+b)
Using (16) and (17), the optimal value of K is
calculated as following (18),

K= V204 + 4 + A5 YR Hyby (H, + by) + R, Hyb, (H, + b))
=

JH, +b)(H, +b,)
In order to prefer VMI to traditional model we must
have,
K| <Kq, or 19
204, + 4, + AR Hb{(H, + b))+ 204, + 4, + A5 )Ry Hby (H, +B;) .
VH, +B)(H, +by) h

R4 + 45)Hyb . Ry (24, + 4 H,b,
RAH +b) 2R, 4,(H, +b,)

Using a simple modification in (19) yields the
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following quadratic function,

(R,JHIB,G + R, \[H,b,F )* 4% +
[4R,R, (4 + 4)\JHb,GH,b,F +AR*H,AbhG +
4R; H, A,b,F —8R R, A, A,(M + N)] 4
+(2R 4 \[H\bG + 2R, 4y \[H,b,F )*
—8R AR, Ay (4 + 4,)(M +N) >0
Where,
F=2RA(H +h)
G=2R,A,(H, +b,)
M =2RHb(H,+bh)
N=2R,H,b,(H,+b)
o =(R\JHIBG + R, \JH,b,F
B=4RR,(4 + 4)HbGCGH,bF
—RPH}AG—R:H} A, F]
= (2R1A1\/W +21{2/12\/1'1_21’277)2
—2(4 + 4R H, +RH,)FG
The resulted quadratic function (20) has two real roots

_=B+JA _=B-NA
A 5, =P N4

2 2

(20

as % and with

A= ﬂz —4ay . This could help us determine when VMI
costs less than traditional method. We can conclude that
when X, < A4; < X| traditional model costs less than
VMI (K, ~ K| <0). However, whenever (4, > X| or
A, < X;)and 4, >0 VMI would be less costly than
the traditional model (Ko -K, >0).

® Numerical example

Consider the following data,

4, =10, 4,=15 R;=1000, R,=300, H,=7, H,
=4, b= 10, b, = 6.

Provided that X7=5.83, X, = -24.8 and 4, = 4, using
(11) and (18), the optimal values of Ko and K1 are
calculated as K(:= 510.93 and Kl* = 5297, respectively.
As we can observe in this example, Kl* ZK; so the
traditional model works better than VML. Now suppose
A is changed to 15. In this case, using (11) and (18),

we also can get the optimal values of Kgand Kjas
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* *
following; K= 722.65 and K =621, respectively.

* *
Since K; <Ky, we can obtain the results that the
VMI model is better than the traditional model.

4. Conclusions

Vendor Managed Inventory has become as one of the
most popular methods among practitioners and the
implementation of the VMI models has been successfully
adopted among many corporations. In this paper, we have
presented a VMI model for one buyer-one supplier
problem and two models for two buyers-one supplier
problem. In our one buyer-one supplier model, we assume
that shortage is allowed and show that the VMI could
perform better than traditional system under different
~ conditions. In two buyers-one supplier problem, the
concept of VMI has been studied when shortage is
permitted for either buyers or supplier or both. The
implementation of the proposed methods of this paper has
been demonstrated using simple numerical examples. This
paper could be extended for the problems considering

more than one supplier or two buyers.
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