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Analysis of an Inspection Process Allowing Consecutive Two-time
Testing of Products Using Markov Chains
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Abstract When a quality inspection process rejects a product unit, consecutive repeated inspections are sometimes
conducted for the rejected unit to reduce a false reject possibility. This paper analyzes a special inspection
process that allows up to two times of consecutive testing for each product to decrease type I inspection errors.
This study uses a Markov chain to model the steps of the inspection process and a product unit’s quality states
during inspection. Historical inspection results from a company are used as the data for the Markov chain
model. Using the Markov chain model and data, this study analyzes the effect of this special inspection rule on
the proportion of the final quality levels and scrap rate. The results demonstrate that this inspection process of
possible double testing could help reduce unnecessary rejects and consequently decrease material and production
costs.
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1. Introduction serious safety issues such as fire or accidents. Therefore,

electronics manufacturers have developed a variety of

The inspection process is one of the most important inspection processes suitable for their products. In order

steps to assure product quality. The inspection process is to evaluate the effectiveness of such inspection processes,
especially critical for some electronic components, it is desirable to conduct quantitative analysis.

because the malfunction of a component may lead to not This study addresses a special inspection problem in a

only performance degradation of large systems but also company that produces electronic products. This
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inspection process is performed because a relatively high
reject rate is expected due to sensitive component
assembly processes.

In particular, the company would like to evaluate a
special inspection policy that allows consecutive repeated
testing one more time for a product unit when the product
unit has been rejected in the inspection process. The
purpose of this repeated testing of up to total two times
is to reduce false rejects (type I inspection errors) during
inspection and save related costs.

Therefore, the objectives of this study are to (1) model
the inspection process that allows up to two times of
testing, (2) analyze the resulting quality characteristics
and scrap rate from adopting this inspection policy, and
(3) evaluate the effectiveness of this inspection process
compared to another policy. This study uses a Markov

chain (MC) to model and analyze this unique inspection

process.
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[Fig. 1] Description of the inspection process and its
material flows

The inspection process is shown in Figure 1, and

described as follows. After the assembly of the
components, the products arrive at the calibration-testing
station. The calibration and testing station includes a set
of machines used for adjusting the electrical signal levels
in the products. Then, each product unit is transferred to
a testing machine that is directly linked to a calibration
machine. If a product unit passes the test in a test
machine, the unit is sent to the finished goods inventory
for shipping and classified as the first quality class. If a
product unit is rejected by the test, it is tagged as a

possible bad quality product and manually fed to the

calibration and testing process again. This second round
test is performed to reduce Type I inspection errors (false
rejects). If a product unit passes this second round test, it
is sent to the finished goods inventory for the second
quality class. If a unit does not pass the second round
test, the unit is sent to a human inspector to determine
whether or not it should be scrapped or sent for rework
(disassembly to components and reassembly of them).
Note this description has been modified a little not to
reveal the identity of the company and its products.
The merit of this study is to enable a quantitative
analysis of this special inspection process so that the
quality-related cost can be improved. This study can be
used to estimate the cost incurred by the second round
inspection as well as scrap and rework. These cost
estimates can be used to evaluate different calibration-
inspection policies in the company. These evaluations will
be used to save costs in terms of labor, scrap, floor space

and equipment, and find a proper trade-off among these.

2. Literature Review

Markov chains (MC) and Markov decision processes
(MDP) have been used to model a variety of quality,
production and inspection problems. Markov processes
can be used to model complex systems [1], and have
often been used for reliability analysis [2]. For instance,
a MC was used for the analysis of repairable systems
[3-4].

Markov processes have also been used for modeling
production systems. The number of units with defects in
a multi-stage production line was analyzed by an MDP
[5]. An inspection decision in a batch production system
Markov
processes were also used for optimal maintenance policies
[7-8].

Markov chains

was also analyzed by a Markov process [6].

are also often used to analyze
inspection processes. False rejects of conforming parts
(type I errors) and false acceptance of non-conforming
The effect of
inspection on the Work-In-Process (WIP) level was also
modeled using an MDP [10].

Markov models have also been used in other variety of

ones (type II errors) were analyzed [9].

areas other than reliability or inspection. For instance, MC
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models were used to analyze the performance of a
Wireless Broadband system [11], and to recognize the

boundary of biological name entities [12].

3. Mathematical Definition of the
Inspection System

3.1 Assumptions

For the modeling, the following assumptions are
necessary. First, after re-assembly, a product unit is as
good as a new one in terms of quality. This is reasonable
for this product, because the individual components are
extremely reliable but the product quality is heavily
dependent on the highly variable manual assembly
processes. This condition allows the application of the
Markov property in this study.

Second, there are no type II errors due to the simple
electrical signal characteristics used in the calibration and
inspection processes. Each product unit cannot withstand
a signal level beyond a threshold if the unit has a quality

problem.

3.2 Markov chain model

The calibration and inspection system shown in Figure
1 is modeled as a Markov chain (MC). The MC has the
states shown in Figure 2. The state transition in the MC

is also shown in Figure 2.

[Fig. 2] State transition diagram of the Markov chain

State A represents that a product unit has not yet
entered the inspection process. Physically it represents the
assembly stations and storage buffer before the inspection
process. The units stay in State 4 before the calibration

process.

The transition from State 4 occurs to State C; i = 1,
.-+, n. These states represent that a product unit is in one
of the n number of calibration-testing machines and is
being calibrated for the first time. Note, because the
testing is conducted in the adjacent testing machine
immediately after the calibration, each pair of calibration
and testing processes is considered as a single MC state.
Although a unit passes through two physical processes
(calibration and testing), the physical differentiation does
not matter in terms of the state definition and transition.

From one of States C,, -+, C,, two transition types are
possible. First, if a unit passes the test, it is sent to the
first finished goods inventory. State G, represents that a
unit is in the finished goods inventory for the first class
quality. G, is an absorbing MC state. Second, if a unit
does not pass the test first time, it is tagged and collected,
and then calibrated and tested again in one of the n
calibration-testing machines. If a unit is in this second
time calibration and testing process, it is in state Y, i =
1, -, n. Note although a unit in Y; and that in C, are in
the physically same machine, these units have different
number of calibration and test processes passed.

From one of States Y}, -+-, Y,, two transitions types are
possible. If a unit passes the second round calibration and
testing process, it goes to another finished goods
inventory for low quality products (second class quality).
The state transition occurs to G,. If a unit does not pass
the second round test, it is sent to a human inspector for
further analysis. State HI represents that a unit is with a
human inspector.

From State HI, two transition types are also possible.
First, a unit can be discarded because of too much
damage during the assembly and testing processes. The
discarded units stay in State D, which is an absorbing MC
state. Second, a unit can be sent to the assembly line
again after disassembly. In this case, the MC transits to
State A.

Please note the differences between the material flows
in the physical layout and station transition structure in
the MC.

4. Analysis of the Inspection System

4.1 Evaluation of the state transition
probability
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[Table 1] The values of the P matrix used for the numerical example

A Ci C. C3 G Yy Yo Y3 Ya HI D Gi Gz
A 0 025 025 025 025 O 0 0 0 0 0 0 0
Ci 0 0 0 0 0 005 005 005 0.05 0 0 0.8 0
Co 0 0 0 0 0 005 005 005 0.05 0 0 0.8 0
Cs 0 0 0 0 0 005 005 005 0.05 0 0 0.8 0
Cs 0 0 0 0 0 005 005 005 0.05 0 0 0.8 0
Yi 0 0 0 0 0 0 0 0 0 0.9 0 0 0.1
Y2 0 0 0 0 0 0 0 0 0 0.9 0 0 0.1
Y3 0 0 0 0 0 0 0 0 0 0.9 0 0 0.1
Ya 0 0 0 0 0 0 0 0 0 0.9 0 0 0.1
HI 0.1 0 0 0 0 0 0 0 0 0 0.9 0 0
D 0 0 0 0 0 0 0 0 0 0 1 0 0
Gj 0 0 0 0 0 0 0 0 0 0 0 1 0
Go 0 0 0 0 0 0 0 0 0 0 0 0 1

The
calculated using the collected data.
the

transition probability matrix (P matrix) is
The data were
collected from company’s Enterprise Resource
Planning (ERP) system, which had records for four
calibration-testing machine sets for a two-month [13].
Note, in order not to disclose any sensitive information in
the company, the numbers were simplified a little
arbitrarily. For instance, the probabilities of being
assigned to each calibration machine are set the same in
the numerical example in this section, although they vary
depending on each machine’s characteristics or worker
skill levels. Such value of the P matrix is shown in Table
1. In fact, these same values allow the reduction of MC
states, but this special case is not included to show a
more general case of this MC model.

The P matrix is re-arranged and divided into four
sub-matrices by the state types: transient and absorbing
states. The sub-matrix representing the state transition
between transient states is denoted as Q matrix and the
sub-matrix representing the transition from transient to
absorbing states is denoted as R matrix [14]. The Q and
R matrices for the previous P matrix are not shown for

the brevity of the writing.

4.2 Analysis of the portion of the final

product—quality classes

The expected portion of the product units in each
quality class can be calculated using the MC analysis. The
product units will be classified into three categories by
quality. These three are first class good quality, second
class good quality and reject quality, and are represented
by the units in the three absorbing states G,, G, and D,
respectively. The probability that the MC would lead to
each of the absorbing states can be calculated by the
matrix calculation [14]:

S=(1-Q)" M
F=S5<R 2)

The calculated value of F is shown in Table 2. The
first row in the matrix F represents how much portion of
the assembled products (including reworked ones) would
end up in one of the three states. The probability being
absorbed to State D is 16.5%, that to G, is 81.5%, and
G, 2.0%. Note the probability leading to D is lower than
20%, the reject rate in the first calibration-testing. With
adoption of the two-time testing policy, the proportion of
the finally rejected products was decreased by around (0.2
—-0.165)/0.2 = 18%. This means that the second round

calibration-testing and inspection saves some products
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units from being discarded by Type I inspection errors.
Also note that G| probability is also higher than the first
round acceptance probability 80% due to the reworked
units.

The above numbers demonstrate the effect of the
second round calibration-testing on the increase in the
finally accepted units. The increase by 3.5% of the total
units accepted implies

potentially large savings in

materials and assembly costs.

4.3 Workload analysis for the human

inspector

The amount of the workload of the human inspector
can be evaluated by counting how many units pass
through the additional inspection station by the operator.
This is calculated by the expected number of visits to
State HI. This number is calculated using equation (1),
and taking the corresponding value of the entry (4, HI) in
the S matrix. The value is 0.18 per unit with the current
data. The whole matrix values are not shown for the
brevity of the writing.

This number is a little high. On average 18% of the
assembled or reassembled units are inspected by the
human operator. This is mainly due to the high failure
rates in the second and first round calibration-testing
processes. The units that fail in the first round mostly fail

again in the second round.

[Table 2] Calculated F matrix values

D Gi Gz
A 0.165 0.815 0.020
Cy 0.165 0.815 0.020
C> 0.165 0.815 0.020
Cs 0.165 0.815 0.020
F = Cs 0.165 0.815 0.020
Yi 0.825 0.073 0.102
Yo 0.825 0.073 0.102
Y3 0.825 0.073 0.102
Ya 0.825 0.073 0.102
HI 0.916 0.081 0.002

4.4 Comparison with an inspection policy
without the second round testing

Considering the high re-failure rate in the second round

test, it is worth considering removing the second round
calibration-testing process. Because the majority fails in
the second round testing anyway, the effectiveness of the
second round testing can be questioned. The removal of
the second round testing means that a rejected unit goes
directly to the human inspector.

This inspection policy without the second testing
chance is equivalent to removing states Y, ---, ¥, and G,
in the MC. Thus, the new MC will have a simpler
structure, and the analysis will be simpler too. Therefore,
only the final numbers are given below in this section
without showing detailed calculation.

The new results show that the discarded units increase
from 16.5% to 18.4%. The workload of the human
inspector has increased from 18% of the total units to
20% (obviously the same as the failure rate). The removal
of the second round inspection would save costs by
reducing operation and labor costs for the calibration-
testing and total cycle time as well. The workers do not
need to sort rejected/tagged units for recalibration and
retesting and manually feed them to the machines.
However, The removal of the second round inspection
would increase the workload of the human inspector as

well as the number of (falsely) rejected products.

5. Conclusions

This study addressed a special inspection problem in
which an additional consecutive repeated testing is
allowed when a product unit has been rejected. This study

1) Successfully modeled an inspection policy allowing
a two-time testing of a rejected electronic product
using Markov chains.

2) Analyzed the number of products in each quality
class resulted from this inspection policy.

3) Demonstrated that a Markov chain could be used to
model this inspection process with possible
re-testing.

The analysis of the results showed that allowing the
second round testing had a significant impact on the
product acceptance rate. By allowing the two-time testing,
the proportion of the finally rejected products was
decreased by 18% compared to the case without the

policy.
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In a future study, the model in this paper can be
extended to incorporate more detailed cost information to
evaluate trade-offs among different inspection policies and

their layouts.
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