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Abstract  The generalized Voronoi graph (GVG) is a topological map of a constrained environment. This is defined 

in terms of workspace distance measurements using only sensor-provided information, with a robot having a maximum

distance from obstacles, and is the optimum for exploration and obstacle avoidance. This is the safest path for the

robot, and is very significant when studying the GVG edges of highly articulated robots. In previous work, the 

point-GVG edge and Rod-GVG were built with point robot and rod robot using sensor-based control. An attempt was

made to use a higher degree of freedom robot to build GVG edges. This paper presents GVG-based a new local 

roadmap for the two-link robot in the constrained two-dimensional environment. This new local roadmap is called 

the two-identical-link generalized Voronoi graph (L2-GVG). This is used to explore an unknown planar workspace

and build a local roadmap in an unknown configuration space R
2
× T

2
 for a planar two-identical-link robot. The 

two-identical-link GVG also can be constructed using only sensor-provided information. These results show the more 

complex properties of two-link-GVG, which are very different from point-GVG and rod-GVG. Furthermore, this 

approach draws on the experience of other highly articulated robots. 

 

요  약  일반화된 보로노이 그래프(GVG)는 자율 주행 로봇을 위한 일종의 로드맵으로서. GVG는 선서에다 받은 정보만 

사용하여 작업 공간거리의 계산에 따라 정의를 한다. 로봇은 장애물까지의 최대 거리를 검출할 수 있기 때문에 포인트 뷰에

서 GVG의 최적은 정출 몇 장애물 회피이다. 로봇의 경우에는, GVG는 가장 안전적인 길이라고 할 수 있다. 따라서 높이 

링크 로봇의 GVG가장거리에 대한 연구가 매우 필요하다. 기존 연구에서 점(point) 로봇을 위한 GVG(point-GVG)와 로드 

로봇을 위한 GVG(rod-GVG)가 발표되었다. 이 논문은 더 고차원의 로봇인 두 개의 동일 링크가 관절로 연결된

(tow-identical-link; L2) 로봇을 위한 GVG(L2-GVG)에 대한 연구이다. L2-GVG는 미지의 평면 작업공간에서 움직이는 L2 

로봇의 짜임새 공간  
×

  상에서 로드맵을 생성하되, 이전 연구와 마찬가지로 지역적 센서 정보만을 이용해 로봇이 스

스로 주행하면서 맵을 만들어 낸다. 이 논문에서는 이전 point-GVG와 rod-GVG에서는 나타나지 않는, 관절이 존재하여 생기

는 복잡한 특성에 대해서 분석한다. 이는 다관절 로봇으로의 확장에 중요한 초석이 될 것이다.
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1. Introduction 

This work considers sensor-base exploration for 

two-identical-link robots operating in a non-Euclidean 

configuration space 
×

 . This algorithm produces a 

roadmap, it is called the two-identical-link generalized 

Voronoi graph (L2-GVG). Robot can use this roadmap 

to plan paths in the unknown environment. 

Our approach is based on the Generalized Voronoi 

Graph (GVG), which is equidistant to two and more 

than to obstacles [1]. Hence, the GVG edge has the 

maximum distances to obstacles. It is the safest path 

for robot. This is a very meaningful for studying the 

GVG edges of the highly articulated robots. Now 

researchers focus more on GVG-based path planning 

for robot.

Nagatani and co-workers introduced a 

path-planning algorithm based on GVG for a car-like 

robot [2]. They explained the details of the evaluation 

function for solving the problem in which the existence 

of a minimum turning radius for a car-like robot may 

prevent it from following the GVG exactly [3]. 

Hoff and others developed the algorithms that 

combine GVG with a probabilistic method to define a 

roadmap for the robot [4-7]. Choset and Lee proposed 

a new roadmap called the rod-GVG. It was developed 

for a rod-shaped robot in a two-dimensional 

workspace in [8,9]. The rod-GVG is then defined as the 

set of points equidistant from three obstacles in 

configuration space SE(2).

In a further development, in this line of research is 

to consider the rigid bodies, Lee and Choset then 

presented the convex-GVG for guiding a convex body 

to explore an unknown planar workspace [10]. 

The rod-GVG and the convex-GVG are not always 

connected, so they need connected additional structures. 

But it is quit surprising that the L2-GVG can connect 

very well. This is because that two-link robot has the 

high DOF, it is more flexible. 

For sensor-based path planning in an unknown 

environment, the robot must systematically more about 

detecting and computing the environment information. 

This procedure requires only local sensor distance 

measurement data and is therefore practically 

implementable. We assume that the body of the 

two-identical-link robot is covered by sensors, and that 

the sensors ranges are infinite and that obstacles can 

be measured using a series of range sensors. The robot 

cannot know the number of obstacles directly, but can 

determine this by the number of local minima. So the 

robot can “see” the world. L2-GVG is useful means for 

implementing sensor-based motion-planning algorithms.

The robot construct an L2-GVG edge until it 

reaches the obstacles or a node, where there are 

branches to explore all edges emanation. We need 

explored all branches from this node, if the all nodes 

have been explored, the algorithm finishes. The 

L2-GVG is a roadmap as a network of one-dimensional 

curves in configuration space.

2. Two-identical-link robot and 

      distance definitions

2.1 Definition of two-identical-robot

The two-identical-link robot L2 can be represented 

as the union of two rod-shape rigid bodies  ∈

with a rotational joint P between them. The end points 

for rod    are    and P; the end points for rod    

are    and P. The configuration space for the robot 

operating in a plane is four-dimensional R×T. The 

configuration   of the robot can be parameterized by 

the joint point P and the two orientations   of  , i.e., 

 ∈R×T. Let    be the set of 

points occupied by the a-th rod of the L2-robot at 

configuration . Then    can be written as

   







 



∈   (1)

where P is the position of the joint, L is the length of 

the rod  .
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We assume that all obstacles are taken to be convex 

obstacles,   is denoted the workspace obstacles, 

where the subscripts ∈ is denoted the mark 

number of obstacle. In work configuration space, the 

configurations of robot do not intersect any obstacles.

[Fig. 1] Determination of the configuration of a 

two-link robot.

2.2 Distance function and gradient vector

The distance function will be used to define the 

components of L2-GVG. We assume the boundary of 

the robot is covered by a series of rangesensors. The 

robot can accurately measure the closest point on robot 

to the closest obstacle. The work space distance 

between robot and an obstacle is defined as


 



∈

∈

║║       (2)

The distance gradient ∇
  is represented as:

∇
 





 





⋅

× 

⋅
× 






∈ × 

 (3)

where   and   are the nearest points on the rod a and 

obstacle  , respectively, and   is the Kronecker delta

           ≠
            (4)

We assume that the boundaries of obstacles are 

slightly curve, this guarantee that the distance gradient 

is able to always obtain.

3. Definitions for L2-GVG

3.1 There-way equidistant face 

We define the L2-GVG edges by intersecting the 

two-way equidistance faces, which are defined as












∈ ×  
 ≤

 
 ≤


∀≠
≠
∇

≠∇












      (5)

where (i,a) ≠(j,b) implies that i=j and a=b cannot exist 

simultaneously, i.e., that
cannot be a 

two-equidistant face. The two-equidistant face is 

closer to obstacles   and   than any other obstacles 

and the condition∇
≠∇

guarantees that


is a three-dimensional manifold under the 

pre-image theorem. 

We define the three-way equidistant face as the 

three-way intersection of two-way equidistant faces.




∩
∩

          (6)

3.2 L2-GVG

Consider the intersection faces of three-way 

equidistance faces, the result is nominally a 

one-dimensional manifold, where there is four-way 

equidistant to obstacles. In actuality, this 

one-dimensional manifold is L-GVG edge, as the 

intersection of the three-way equidistant edges:




∩
∩

∩
      (7)

The L2-GVG edge is the four way equidistance face. 

An L2-GVG edge may be a circle-like or a 

one-dimensional curve with end configurations. The 

end configurations for the L2-GVG edge are meet 

configurations and boundary configurations. 

Meet configuration is the configuration where the 

L2-GVG edges intersect each other, i.e.,


 

∩
∩

∩
    (8)

where m≠{i,j,k,l}.

The boundary configuration is  the configuration in 

which the robot has four zero-distances to obstacles or 

the distances to obstacles are not zero, where the robot 

must turn back without the new explored edge 

emanating from it.

The L2-GVG is the union of all four-way 
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equidistant edges, i.e.,


        (9)

The L2-GVG  edges may not always exist in many 

environments. If i =j=k=l, where there is no L2-GVG 

edge; if the length of rod is too long, the robot may hit 

the obstacles and there is no four-way equidistance to 

obstacles. Fig. 2 shows the L2-GVG in rectangular 

environment. Any two configurations on L2 –GVG can 

be connected by different L2 -GVG edges.

[Fig. 2] The placements of the robot along the L2-GVG 

in rectangular environment. The thin line 

represents the robot. The algorithm for 

planning a collision-free path for a rectangle in 

a planar workspace populated with polygonal 

obstacles is presented.

4. Characteristics of L2-GVG edge

4.1 Overlap edge of L2-GVG

The two-link GVG inherits properties from the 

4-dimensional GVG for the point robot. But the 

two-link robot has higher degree of freedom and more 

complex.

If   , two rods are on the same position, so 

there are two closest distance between one two-link 

robot and one obstacles. We show it in [Fig. 3].

The configuration on the two-link-GVG has 

five-way equidistance or six-way equidistance to 

obstacles, in which the robot can choose any an 

L2-GVG edge to trace. In Fig. 3, the robot can trace 

the two-link-GVG edge 


、


、


、




、


、
  and 

 . So the 

configuration with     on L2-GVG edge is the 

meet configuration. 

For point-GVG edge or rod-GVG, the meet 

configuration occurs when the robot meets a new 

obstacle in [2,3]. In contrast, because of the enhanced 

flexibility of the robot, the L2-GVG edges become 

more complicated, and even appear to overlap the path 

on L2-GVG edges. To illustrate these situations, we 

define the overlap edge, which is the set of 

configurations in which L2-GVG edges corresponding 

to the same set of obstacles intersect each other. 

[Fig. 3] The solid lines show a configuration of a 

two-identical-link robot; it is in the L2-GVG 

edges corresponding to three obstacles 

C1,C2,andC3. The dashed lines represent the 

distance between rods a and b of the robot 

and the obstacles. The thick dashed line 

represents the double distance between rods a 

and b of the robot and the obstacles.

4.2 Simulation: Overlapedge

Next, a simulation result is presented to represent 

the overlapped edge, which is intersected by overlapped 

three-way equidistant faces. The simulation model is 

shown in [Fig. 4].
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[Fig. 4] The thick solid lines represent a configuration 

of a two-identical-link robot; it is in the 

L2-GVG edges with two closest obstacles C1 

and C2. The dashed lines represent the 

distance between the two rods a and b of the 

robot and the obstacles.

    

  

(a) The two-way equdistance face.

 

(b)  The GVG edges

[Fig. 5]  (a) The middle transverse face is 

, the 

upper vertical face is


 , and the lower 

vertical face is 


 ,(b) The L2-GVG edges 




  and 


 , which are one-dimensional 

and formed as the intersections of the 

two-way equidistant faces 

 and 



 .

  

[Fig. 6] shows  


 and 


, and it can clearly 

be seen that two edges overlapped in the area.

The simulation was performed with constraints: (1) 

the L2-GVG was constructed between two obstacles; 

(2) the x position of the robot in configuration space 

was fixed. This is because the  configuration space for 

a robot with fixed x position is essentially a 

three-dimensional space, and it can easily be seen that 

an arbitrary configuration can trace the three-way 

equidistant configuration.

Hence, in our simulation, the L2-GVG edge is 

one-dimensional, although it has three-way 

equidistance from obstacles. The simulation result is 

shown in [Fig. 5].

Fig. 5(a) shows three two-way equidistant faces. 

Intersection of the middle transverse face   with 

the upper vertical face
  gives two L2-GVG edges


  and 

 ,as shown in Fig. 5(b). 

Fig. 6  Placements of two L2-GVG edges
  and 


 ,The solid lines represent 

and the dashed 

lines represent
 .

The end point of overlapped edge is a meeting point 

as a zero-dimensional point in configuration space; in 

contrast, the overlapped edge is one-dimensional, and 

the L2-GVG edges then emanate from the end 

configuration of the overlapped edge where the robot is 
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able to identify and move in an appropriate direction to 

construct the L2-GVG edge.

The overlapped edge have never been presented 

before; they are specific characteristics that so far exist 

only on the L2-GVG. Obviously, since the connecting 

point and connecting curve are essential to proper 

construction of the L2-GVG, it is natural to connect the 

rod’s four-way equidistant faces.

5. Conclusion

This paper introduces a new GVG-based roadmap 

for planar two-identical-link robots, called L2-GVG. 

This roadmap is defined in terms of workspace 

distance measurement and therefore can be constructed 

using only sensor information without prior knowledge 

of the environment. Nowhere in the process can the 

robot obtain prior information on the environment 

except by changing direction at its current position. 

This procedure requires a workspace distance function 

and the gradient lifted into configuration space. 

The configuration space of the planar 

two-identical-link robot is four-dimensional and the 

L2-GVG edge is one-dimensional. The L2-GVG edge 

is at the maximum distances from obstacles. It is the 

safest path for the robot. Because of the higher degrees 

of freedom of the robot, there are some configurations 

on L2-GVG edges that have more than one tangent 

space to the edge, so there are intersections of the 

L2-GVG edges in configuration space, with 

corresponding meet configurations and overlap edge. 

These are new properties different from those of the 

point-GVG and rod-GVG. 

Using work space distance function and the lifted 

gradient into configuration space, the robot can 

systematically generate the L2-GVG, thereby exploring 

the configuration space of the robot. This is very 

significant when studying the GVG edges of highly 

articulated robots. The next step in this line of research 

is to extend the current work for general two-link 

robots, operating in the plane.
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